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ABSTRACT

The R.P.I. Hartian_Roving Vehicle_requires_an autoﬁomous
obstacle detebtion and path selection syétem.-A laser rangefihder
will be used to_detgrmine the locations of a number of discrete
'points at distances o©f~ 3 to 30 meters frép the vehlcle. The system
might measﬁpe angles, ranges Or a Eombination of.both.types of
measurements, |

-The‘slope of the terrain is very importanf in the selection
of a navigable path. Four, or more, terrain data points may be used
to calculate a stochastic estimate of the gradient of a small area
of the Martian surface in the vicinity of the points. The accuracy
of this estiﬁate 1s influenced by tbe-point locations as well as
the measurement errors. " | |

?he accuracy of stochastic gradient estimates is analyzed
Tor two stereco.measurement sfstems, one measuring angles, and the
other ranges. These are compared with a non-stereo system using a
combination of measurements. The accuracy of the discrete point
location calculations is also discussed. |

The non-stereo system is shown to be the most.cbmpatible

with presenl laser rangefinder technology.



PART 1

INTRODUCTION

.

S |

The roundtrip communication time from Mars to Farth 1s.over
40 minutes. Therefore, the R.P.I, Martian vehiéle's terrain modeling
" and path selection system must Be_autonomous. _

Two poiﬁis along the ééth of the vehicle de&ermine an in-
path slopé, while those across the path determine a ¢rosa=path slope.
In the Srto 30 meter range, however, inaccuracy in measurement can
introduce very 1argé errors in the coﬁputed slopes, which are.the
main factors in path selections. There are some threshold valués for
these slopes and heights above which a change of path is required.[I]

" One system discussed in this report,.referred to as stereo
angies, uses three angulér measurements in elevation and azimuth to
locate a terrain point, Another system, called stereo range, uses
three range measurements. These two systems are compareq‘with a non-
stereo gystem which uses one range, snd two angular measurements in
elevation and azimuth. [2]

A stochastic estimate of the gradient of the terrain may
beacomputed using four or more terrgin measureﬁent points: The acw
cuiacy of this estimate depends on the terrain point locations and
on the measurement errors. Since the E;P.I. vehicle will probably
use a laser system to measure the terrain point coordinates, the
'accuracy requireménts can be compared with the limits of present

laser rangefihder technolqu.[S]



PART 2 »

METHOD OF APPROACH

The gradients or maximum slopes of the terrain in front of
the vehlicle are determined by measuring four or more points on the

" Martian surface.

A. Transformation of Coordinate Systems :
1. Stereo Angles |

The elevation angles &K and (3 » and the azimuthal angle ©
. are measured with respect to the coordinate system ht¢, ai, bi fixed
to the vehicle as shown in Figure 1. 4 laser is located at point T
vwhich is 3 meters in height. The elevation angle P of the transmitted
light beanm is measured at T from the horlzon to the terrain peoint V.
The elevation angle of of the received beam is measured at a point
L meters from the top of the mast. Some type of.scanning deteét)or
is assumed in.-the measurement of the angle & . The angle © is the
azimuthal angle of the transmitted beanm.

From the g_eometry, with A Bensor mast height of 3 meters,

the terrain point coordinates h', af, b' are found in terms of =,
|

(3., ® , and L.

. ht = 3 ..I.'..t_a“_‘f__ : S (1a)
(tanf ~tane¢)

L sin &
Iy -
& F Fanptan =) (1e)
bt = I con® (tc)

(tan p =tane )

The h', at, bt Coordinate system which is fixed to the vehicle



x, (3 - Elevation Angles

& - Azimuth Angle

Vehicle Heading
. b

Figure 1 Sterec Angles System Coordinates



: may be transformed to a reference system, h, a-, b. formed by the local
vertical, the vehicle heading and an ax1s perpendicular to both. It

;.s as_snmed that the veh:.c*le rolls with an angleﬁ and pitches with an
éngle? about the reference frame, h, a, b, In matrix fofm this trané—

formation is :l:‘t'.l

h bt .
al=c(f) 3(%) | | - (2a)
b bt
where - .
' Fcos Ff -sing 0
C(¢) = lsing cos g 0 ' (2b)
0 0 i |
and )
' cos§ 0 sin %
B(%) =] o 1 0 (2¢)
-s:r.n"f 0 cosj

‘2. Stereo Range
| Thelguantities M,N aéd K are measured with respect to the

coordinata-séstem h', a', b' which is fixed to the vehicle as ip Yig., 2.
The measurement M is twice the range to the terrain point U from the
transmitter and receiver at T on t0p of the sensor mast,

M= 2R | 3 (3a)
The measurement H is the.sum of the ranges from the transmitter at T
to the terrain point V and from this point back to.a receiver at a
vertical distance L meters from the transmitter.

Ne=R+pP (e
The measurement K is the sum of thé rangés from the transmitter ét T

to the terrain point ¥ and from this point back to another receiver



T ' Measurements: M=2nR
"N =R+ P
K=R+Q

Vehicle Heading
b

U / Terrr-in

-« '}  Point
/

Figure .'2' Ste;‘_eo Range System Coordinates



at a horizontal distance J meters froh the transmitter.
K=R+Q . o (3c)
From the geqmetry the coordinates of the terrain pdints

are found in terms of M,N,K,L and J.

' L N (H=})
1= 3 o 2 .
hi= 3 ~ = + — (42)
K{M-K) T : :
a >3 + 2 ) (4b)
~ N 4
W 1? g2, vamw x|
e FTE G 2 2
_ &m-p)? _ wE-m? - (4¢)
4J 4L_2 ' J '

The cﬁordinate transformation from the ht', at', b' syétem to the non-
rotating system h, &, b has been shovm in equation (2).
| 3; Ron=stereo Systen Ez |

* “The quantitles R, (3 , and 8 are measured with respect to
the k!, at, bY coordinate system as in Figure 3.

From the figure

h' = 3 - R sin( |  (5a)
a' ;Rcos(* 5in @ L  (5b)
b! = R cosf cosf : (5¢)

Again the transformation to the non-rotating coordinate system is

given by eguation {(2).

B. Determinations of Slopes and Gradients

A number of the measurcment points from a small area of the
Martian surface, perhaps 1 meter by 1 meter, can be used to determine

& plane in space. This may be written as



(’ -~ Elevation Angle
Ny | & - Lzimuth Angle

7 - R < Range

Vehicle

Hedding

Terrain
Point

Figure 3 Non-stereo System Coordinates



= V + F : . .
h = ax, + bxz. Xy, . . (8)

where the parameters,x1 and x2 are constants. Equation (6) is

differentiated to give

' dh n '
= + = + - :
dh = da E db xl_da xz_db.
. where
X, = iﬁ = éross th slope
X "'gll = in-path =slo | [5 6]
2 = ah b P pe - ¥

The gradieni of the plane is defined as

‘ 1
Sg = (x?.+ xg )? 7

The gradient is the maximunm slope cf the terrain plane ep-
resenting thé local terrain feature. if the magnitude of'the gradient
is less than some critical falue, probably about 25 degrees, the terrain
will be considered passable,

By using the measurement points to locate a plane,‘Equation
{6} nay be written as

h, =a. x

1 T BgE hbX, *ox, - (8

2
where hi, a; and by caﬁ be found either fromel,(,Band L for a stereo
angles system using Eﬁuations (1) and (2),from M,N,K,L and J for a
sterco range system using Equafions {£) and (2) or from R,fband o
for the non~sterec system using Equations (5) and (2).

Three points theoretically &etermine 2 planef To obtain greater‘
accuracy, however, four or even six points can be used to determine

the gradient. 4 number of adjacent planes, each covering a small area,

nay be modeled to construct a complete picture of the terrain in front



" of the vehicle.

PART 3
) _ESTﬂﬁAfION OF SLOPES AND THEIR COVARIANCES
Thisg section dncludes thg solutihns'ofré leasﬁ squares efror
- estimate and the co*;'rariahce matrices when n >3,

A. Least Square Estimate of the Slopes

1

A least square error estimate can be performed minimizing

n

N - 2 :
g (b, ) (9)
T
assuming = a, =b ; i - e T h
ns‘ai a; and bi bi are true in Equa§1on {8}. The value hi
is the actual measured height of the terrain point and?%_is the corw
responding height in the modeled plane,
Equation (8) is written in matrix form as’
h o= Bx (10)
2 T "
or 5 5 a b
h2 a2 b2 1 xl
: oL *2
- - ol X
h a  h 1 3] n=4 or 6
[ IIJ . n n ]

The matrix x must be determined in such a way that Equation (9)

is minimized. Through use of the Gram=-Schmidt orthogonalization procedure
the least sguare‘estimate of x becomes {7]
@'ty an
B. Perturbation of the Variables
The matrix A in the least square estimate above is assumed

8] X ‘
to be completely détcrministic.[ ]The determination of h, a, and b

involves errors due to uncertalanties in the measured angles or ranges.
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The symbol S is used to deﬁote_a pez;turbation. -
1. Stereo Angles | ' _ 7
| Then 1, $a ana dv can be f;und'in terms of8¢, J} s SP ’
SD(, 59 and § L. f‘rom Eqﬁations (1) and (2) the pertyrhations in h, a

~ and b are deternined as ;t’csl:\.n:'fa;rs:2

18n] § |
$a | =D, ar, v, $,%) I
3o ‘ ' .'so('
| + ' | of & | S P
(P B 6 (K, B, 0,1 fo
' 13| (122)
where
.‘Ga(“( C,0,L) =
1. tan® sec20< L tan{ 3862@ 0 7 tan @
(tanp—ta_na()z (tan ~tane<)> {(tan( =tan &)
L seczo( s5in B L seczp gin @ " L cos& sin @
(tanp <tang)?  (tanp-tanx)®  (tan( -tan«) (tan{ ~tand)
&seczc( cos@ L seczﬁ cos® . ~L sind cos @
(tén(’-téndt)z " (tenp-tane)?  (tanl -tan«)  (tan( ~tan«)

.E"I éb)
The derivation of the matrix D is shown in Appendix A. |
2., Stereo Range |
The quantities éh, Sa, and Sb Ican be found :Ln terms ofgﬁ,
' s‘f, $1, §x, $%, §% ana §9. From Equations (2) and (4) the perturbations

in b, a and b are determined as follows:

: S 1
ho - Vil ¢n
§a | =0 a', b-,g;,\;) ¢ + c(,ﬂ)B(j Ye (4, 1,K,L, ) | ¢
$L
SJJ  (13a)




where.

N O - o
2T T3L
X G M~2K
2J 2d
Eaj €3y Bag
and R )
[ u N _E_K'(M=K) , NT(H-M)
€371 2 2 2 . 25% 212
b 2bl '
[ onat (2P-sn )
€ap =1 > 1.2
X Y
-
2K-M  (2K°=3KI4KHZ)
= 3
B = 2 23
Sl 251
-
No(un? 1
Bag 7 21° 2
i 2p! N
- 1
K2 uei0? g
Bas = | 25° 2
261
= - -
] o - . . . ['2
Yor the non-sterev system the matrix G becomes ]

Gr(n,N,K;L,J) =

e (3,0,0) =

(~ain(® )

(cosf sine)

{(~Rcosf )
(=Rzinf sin® ) (Reos P cosO)
'(co_s@ cos®) (-Rsinf cos@) (~Rcosf sind )

0

{13p)

(14)
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L. The Covariance Matrix of the Variables
| - riables ma nod as (8]
The covariance matrix of the variables may be defined as
N ~ _
, . ﬂ .

- -

Yin.-E{ $a [h_ ;a, _Sb] ,
N | ab |

The symbol E denotes expected value.

1. Stereo Angles System
it sp Sg S“ BP Seand gL are not correlated [ ]then from

Appendlx B the follow1ng relation is "obtained.

E(§$)’ 0 T
I =D | D
& 0 Ed§)?
(5302 o 0 o |
o Eip? o 0
+ 0BG s o 48?2 o (16)
- o 0 o =fL?

Ihe variances of h,” a and b are the diagonal elements of

the matriz ¥ in Equation (15). The standard deviation' of each of these
q;antities ie the square root of ité variance. From Equa?ions (15) and
(16) the standard deviafions of h, a and b can be computed in terms
of thosse ofﬂ,?,“,p ,eand I for each point, These are known
quantities which depend on the accuracy of the measuring devices.
2. Stereo Range System
Ir SP S? SM SN, S K, SL andsJ are uncorrelated[ ]then

by the same method used to derive Equation {16) the following is

dbtained;



-

"+ CBG
r

ol

e’ o | o
D
zd§?

B¢ o 0 0

o =BEM? o 0

0 o ©Ef0> o
0 o o  =fu?

0 0 0o 0

o
o
o

0
B(§ a2

Y |

a TBT G'I‘
T

(17)

The standard deviations of h, a and b can be computed in

. terms of those of ﬂ, E y» My N, K, Land J for each point. Eguations

(16 and (17) include the matrix G which involves all the measured -

quanfities. Therefore, the standard deviations in h,'a and b depend on

the locations of the data points in relation to the vehicle as well as

on the accuracies of these measurements.

D, ,Covariance ‘Matrix of the Slopes

-Equation (10) may be rewritten to include the perturbations

in h, A and x.

The original equation,

obtain

A

X

VX

+$n

=i

+§$a

w1

+5x

M

(18a)
(18b)
(18¢)

(18d)

(10), is subtracted from (16a) to

Shﬁzsxi- SA;

The estimate of the slope is

§%

= F(Sn-54 %)

(19)

" (20)

13



" Equations (19) and (20) are’ compared to Bq.(10) .loading. to -

the result that _
YRR o (21)

14

The covariance matrix of the slopes is determined in Appendix c

as’

E(Sys’z*) = F M(ShSn ) - E(SA}.Sh ) - L(Sh(SAk) ) + E(SAXCSAX) )} (22)

where - - - -~
R 3 Shl | (Sa %, + &5,%,)
Py : - — -
SX q0%, Sh = bhz SAX’: (Sa2x1+ szxz)
H : , : - |
‘ é Xn Shn ({a bid + :bnxz) (23)
e = e o -

The matrix A is in terms of a and b, Therefore,‘sh and JA
can be expréssed as functions of§¢,$'i,5°f ,spiéeandgl. for the stefeo
angles sjstem, using EBEq. (12). Thus Eq. {22} can be evaluated as
shoﬁn in Appendix C. |

7 ' For.-the stereo range system Sh and SA are expressed as
flmctibns'qf s¢, %;, SM, SK, S i, 5 L andSJ using Equation (13). Then
- the covariance matrix of the slope;_ié determined in ﬁquation (22),

From Eguations {21} and:(zz) it 18 szeen that the covariance
matrix of the slopes also depends on the matrix 4 which i; determined
by the measured ‘locations of the points. As a result the estimate of
‘the gradient ic expected torbe influenced by the déta point spacing.

E. ¥ariance of the Giadient

The symbol,G;g dencotes the standard deviation of the gradient

Sg. Equation (7) is differentiated to get

| 1 .
2 xz)“‘? x, 8x, * (x2 +x2)-17 % dx (24)

5 =
asg = (x] 2 1% 1 ¥ 2%%5
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- From Equation (24) the variance of the gradient becomes [10]

¥

7.2 = zz
2" 1 172 . 2 .
: 2 2. - 2
T r— + +  e— ) .
Qe = _ (]"x1 2 . G:sz (]';zv (25)
&S %2+ %2 &2+ %%
| 2 1 2 : 1 2

where . '_ | O-x 9 u E[(S}?])z]
: : : : 1 .
'G‘xzz E[(i%}z-]'
<J.x x 2 E[}s;aSQE)-l

172
These covariances are found from Eguation (22).

n

The value of G;g is an estimate of the accuracy of the fastima-
ion of the gradient. If a normal distributio;x is assomed, then the true
Value: of the' random variable, in this case the gradiént, will lie within
one standard deviation of the estimated value 68% of the time.rnghe
actual gradient will be within two standard deviations of the estimate
95% éf the time. |

| For "e.x.ample, if the estimate of éradient is 250 and ¢sg = 30
then it is only a 68% probability that tne actual gradieht of the
terrain iz between 220 and 280. If the « stimated gradient is near.the
maximum passable value, the magnitéde of G;h is very impo.rétant in
the operation of the path selection algorithm. |

The sldpe cévariances depend on the data point locations in
relation to the vehicle and to each other., The standard deviation of
‘_gradient G_Sg.dépends on the slope co'.rariance‘s, soG:;g will also he a

function of the data point locations. Varying the spacing of these

points changes the covariance matrix and therefore affecis ng.



F. Determination of the Gradient k

Once the value of the cross;path and inepath slopes are
determined from the least squarés estimate, the gradient can be
calculated from ¥gq. (7). The vehicle uses the estimate of gradient

in-its'path selection algorithm[]1to select a safe course.

PART 4

DISCUSSION OF RUMERICAL RESULTS

It is assumed that the vehicle will have some type of scan- 11]
‘ning apparatus to let the laser beam arrive at various terrain points,
The‘hl, a' and b' coordinates will be computed éither by stereo angles
or stereo ranges and then transformed to the non-rotating coordinate
systen hy a and b as described in section 24, |

Four or more data points are used to model a plane and to

calculafe_a least squares estimate of the gradient as outlined In Part 3.

ot

The‘aqcuracy of this ggtimate depends on the magnitudes of the cross-
path and in-path slopes, the distance of the data poinfs from the
vehicle, the spacipg between the ﬁgints and the roll and pitch angles.

It is assumed that the measurenents ﬂand gwill provide
standard deviati?ns G; and q?;cd‘about 1'.[2]8' assuming reasonable
‘data roint spacing, previous researchtzlhas showm that(I;g is approx-.
imately 30" if (Yy =<I'} =1°. This value for the standard deviation in
gradieﬁt is unaccepta'ble. It is desired that ¢sg be less than 20 or 3o
for terrain within the 3 to 30 meter range.

if a fapid-scan 1aser.is used, the effect of B},andd%can b‘_e

reduced. If the time between the measurement of adjacent data points

16
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is on the order of milli-seconds, as it would be with‘a rapid—scap
1aser,_then the data points are measured almpst instantaneously compared
to the vehicle mofién which is on the order of seconds. Ali four points
will then .hr'ave the same values of ¢ and;. The points wiil retein their
reiatiVe position when they are transformed to fhe non=rotating coor-
dinate system by Eq. (2). Therefore, the planes can be modeled in the
h', af, b! coordinate system and then tfan;formed to the h,a,‘blcoor—
dinate system. By 1ettingﬂ=‘§= 0 in Equations (12) and {18), or (13)
and (17}, then the resul£ is that h' = h, a' =4, and b' = b in those
" equations. The additive effect of the standard deviation in?'e'mdg
will be ébout lb because with £he rapide-scan laser the effects of (ﬂﬁ
and G-? can be added to the factor q—sg from the modeled plane afterward
Asince the entire plane is transferred at the same time to the non~rotating
coordinate system. As a result, in the calculation'of(rgg the substitution
Sp =(fgs 0° is made in Equatiéns (16) and (17).

rThéﬂmaximum magnitude of navigable slope is assumed to be 25",
Relative slopes betweeﬁ +50° aﬁd --50o are possibly navigable as showh
in Figure 4. The following analyé;é cowslders relative slopes wiﬁhin
these limits, o Co . i

1. Stereo Angles Systenm
It is ;ssumed that the scanning mechanism can provide any
-desired dat# point spacing at distances from 3 to 30 meters from the
from the vehiéle. The data point spacing also depends on terrain ir-
regularities, however, a flat terrain is assumed at the start.
The distance L in Fig. | is assumed to be 1.0 meter. This is

the most reacsonable Vaiue for a 3 meter sensor mast height. A larger

value of L can give smaller errors in measurement., But, as L 1s
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increased beyoﬁd one metér, the fehicle;s ability'to'obséfve'negative
slopes is decreased. Also, if the receiver isriowér-on thélmasﬁ there
is more chance that the reflected laser beam will be blocked by other
vehicielequipmgﬁt..% : | |

The standard aeviationé o, Tpand 8o are set oqual to 1 ',
a reasohable'vélue'using rresently available equipment.[S]Then the
daﬁa point spacing and the standard deviatiqnﬁl,are variéd for points
in the_S to 30 nmeter range. In order to determine “:ﬂf the standard
deviations of the meaéuréd values and the data point-éodrdinatés are
obtained from Eqs. (121, (16), (21), (23) and. (25).

Figure 5 shows a plot of standard deviation in gradient .

vs, distance, bﬁ,from the vehicle for‘flat.terrain Qith dprelafive
siOpe having<3£=0.01m. The dotteﬁ lines are for UL:0.0bSm. Clearly
(Ti has an important effecf (#!U;g for the stereo angles system,
especially-athlose Tange where decreasing szrom 0.01m to Q.005m
re@uces the.value of(rég by‘fifty percent. As gzpectgd, larger_qéta
point spacing‘gives smaller values for the standard deviation in i
gradient. At close range, data point spacing of 0.66m ﬁr less is
required because 0.66 meters is the width of the widest mavigable
crevice.rilﬂt 4 meters distance frém the veﬁicle, a spaciﬁg of 0.6m
gives Q:ag =3"ana 1.55° with @ = 0.01m and 0.005m respectively. Since
G";E is designed to be less than 20, it appears that(TL must be about
0,005 meter or 1eés. : ‘
Thé standard deviation in the distance L ( I ) may rosult

from changes in the sensor mast, expansion or contraction due to -

temperature changes, or from uncertainties caused by the laser
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transmitter and receiver.

| At ranges of 20 to 30 ni__e;tars, a data point sPaciné of 1.2 m
will bé . adequate to obtain the gradient of the terrain in fromt of
the‘vehicle. This terrain would frobably be remeasured when the vehicle
mq#es closer to it..In Fig. A,Iat 30 meters with 1.é méter data point
spacing, the c_omputed results are that the standér‘d c‘ie{riations-for |
gradient G';sg are 2.2% and 1.8° for Q-L-: 0.01m and GLz 0.005m respectively.
At that range both values of the guantity Q;g may be acceptgble. |

Figure 6 shb‘.-fs the plot of:d;g versus rela%:ive. in=path slobe .

from -27° to +50° at a distance of 4 meters from the vehicle. The
vehicle connot measure negative in-path slopes of more ‘than -27°bscause_
the terrain. obstructs the line of sight. 'I'he cross~path slope, ;1, is
set to 0 in Equations (19), (20), .(22) and (25), The inepath élo_pe,

Xy varies from -—27'_130 +5{}°. The standard deviations U'L and G;‘ are
varied in Eq.{(16) and the results usedrj..n EBgs. (22)and (25) to cal~
culate the qpahtity G-sg' In Fig. & the data point spacing is O.G,metef
as réquired at .‘[_‘.he 4 meter distance. ’i‘he stereo angles system estimate .
of the standard deviation in gradient Q;E is quite sensitive to tl.le
relative in-path slope. .
By reducing the angular standard deviation,(rﬁz 6@:@:0’9,
to 6 arc—seconds and maintaining the transmitte;—receiver separaticn
distance standard deviationWL at O.OIIm, the standard deviation in
gradient q-sg is not significantly reducedr. ;[f the quér_ltity (]’L is set
equal to zero and the quantity WA is set equal to 1° then q/sg has a

0 ' ' )
maxinum value of 2.5 for relative in-path slope of +50 , Increasing

the magnitudé of O—L. to 0,001n has a small effect on the value of ¢ g
=]
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" Reducing the angular standafd deviation fo 1ess.§han 17 will
require addltional and more bulky equipment. Accuracy as low as 6 arce
seconds may not be practical but would improve the resulting(r (E
is about 0.001 meter. _

Eigure'7 shows. the standard deviation ﬁn gradient G;g vs
relative‘invpath slppe irom -60 to ;505 gt a distance of 20 meters from
the vehicle. The terrain obstructs the view of the in-path slopes for
more than —60 relative slopes at 20 nmeters. For this graph the data
point Spacing iz 1.2 meters, At 20 meters the standard deviation(rsg
increases drastically with increasing relative in=-path slope. To obtain
the - quantity<r less than 30 for all relative in-path slopes up to 50 '
the stgndard deviat‘ionsﬂ'l: should be less than 0.001m and(]; less than
5". Larber values of either standard deviation have the results of G’
being much greater than 3 for nearly all positive relative in-path
s;opes,'

'Figa;e 8 show§ tire standard deviation in gradient vs. relative
cross~path siopes from 0o to +569 for.distances of 4 and 20 meters with
data point spacings of 0.6 meters ;nd 1.2 neters respectivelﬁ. Crosg=
path slopes from Oo to -Sdawill give the same results because of the

symuetry of the system. If the standard deviations ¥,=1' and Q‘L= 0,005m,

or less, the value of ngis less than 2.5° at both distances.

2. Stereo_Range System
| As in the sfereo éngies_systém, it is assumed thatAthe
répid scan transmitter at T (Figfz)-can provide the desired data point
spacing for flat terrain. The separation distances L and J are both

assumed to be equal to one meter. This is the nost reasonable value
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‘ fpr the'vertical separation distance L for the-reasons stated previously.
The one meter value is also reasonable for fhe horizontal separabtion.
disténée J because a larger J_will reqﬁira'aAmore maééivé suppoft;

It is assumed that the.stapdard deviations in L and J are
eqﬁa} since the aystem coﬁfigufation is somewhat syﬁﬁdﬁric in the
horizontal and vertical directions. These uncertaintieé may result
from changee in the support dimensions and from the laser transmitter‘
and its 3 receivers.(2’11]

The range standard deviations. 6 O’N’ and G-I{ are all

H?
.‘assumed equal to 2 G_R' These standard deviations and the data point
coordinates are émployed to calculate the guantity q_'s;g- in Equations
(13), (17),.(21) and (25).

| Figure © shows(rsg vé{ distance, b*, from the vehicle for
flat terrain with relative slopes = Oo,and ([R= 0.001n. The solid lines
show the quantity (fsg when the value of Q’Lr- @, is 0.01n and the dotted
lines when(ri; G} is Q:QOSm. The standard deviations in gradient U;g
for fhe steréo range éystem are not éensitive to the standard deviations
in separation disﬁances(zh and(r;. By reducing the quant;ty(rL ffom
0.01m to 0,005 n at a distance of 4 meters with polnt spacing of 0.6m
aﬁd range standard deviation(Té= ¢.001m, the value of G;g decraeses

o o :
from 2.3 down to 1.7 .

As expected, larger data ppint'sfacing results in smaller

standard deviation in gradient. At closs range & 0.65 point spacing
results in the quantity ng= 2.30 vhen the values of WR and TL are

0;0011 and 0.0im respectively. To obtain standard deviation in gradient

less than 2‘: (f; must be less than 0.01m, probably about 0.005meter.
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_ At-ldﬁgéf ranée, data point spacing should pe increased to a value
greater than one meter. For example, at 20 ﬁeteré eithar_the spacing'-v
mus# be greater than 1.2 mefers or the range‘standéra deviation(r% must
be’redgced BelowlOQOOIﬁ in order to cbtain a value pf(I;g to be less
than 2 degrees. *

" Figure 10 ié a plot of the standard de%igtion in graﬁient VS
relative in~path slope at a distance of 4 meters from the vehicle
having data poinf.spacing of 0.6m, ?he range of rel#tive in-path slopes
i= from -2‘?o to +Sd? for the séme reasons_as for the stereoc angles
Asystem. In this gase(fgg decfeases as relative in—pathAslope increases
to +50 .From the figure it is concluded that to obtain the value ofﬁI;g
to be less than 25 for most relatiye'in—path sloPGé, the magﬁitude of
Q must be 0.001m or less and.ﬁhe magnitude of(r: must be 0.005m or
less.,

In Figure 11 the standard deviation in gradient is plotted
against relé€ive in-path slopes at a distance of 20 meters ﬁith data
point spacing of 1.2 meters. In this graph the value of the quantity
q:ﬁginbreases slightly as relative in—pa£h élope increases %o +5dp. To
obtain a maximum standard deviation(gég of 20 when the value of(YL is
0.005m, the range standard deviation(@, g Bust be about 0.0005m.

Figure 12 shrows the standard deviation in gradient versus
relative cress-path slopes from 0° to SD‘ at 4 and 20 meters with data
point spacings of 0.6m and 1.2m'res§ectively. The quéntityc}zis 0.001m
and U 15 0.01m and 0.005m. Again the value of ¥ must be less than 0.001m

in order to obtain relatively small standard deviation in gradient.
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'3..Compa£isana.of tﬁe_Four ?oint Fit wiﬁp % Three Painf Fit

The gradient of'the £errain may be'éstimated by”modeling -
va plane contalnzng three data points. Slnce 3 points determine a plane
the sum in Eq. (9)‘reduces to zero. From the threo point plane the
crqss-ﬁath slope, x1, and the in—path slope, ;2, anq thelr covariances
are caiculated in-Eqs. (11) and (22). These results are used in Bg.{(25)
to compute a standard dev1at10n in gradienbo'

Comparisons of the accuracy of the gradient eutlmate for
the tﬁree and four-poant schemes gre‘shown in Flgureg 13v16.'rlg. i3
showé the guantity (r;é VS. relativg in-path _slope at 4 meters for the
stereo angles systen with point spacing of O.6m. For relafi?e in-path

o : .
slopes less. than about 10 the 4 point f£it is much more accurate, This

is important since over much of its course the vehicle will be measuring.

terrain with relative slope in the -20° to +20° range.

“The next graph (Flg 14} shovs Qr plotted agalnst relative
in=path slope’at 20 neters distance with point spacing equal to 1.2m,
In this case the four point stochastic fit is better than the 3 point
method fo:r 211 relative slopes.
| Figures 15 an3 16 show the comparison for the Ftereo rénge
éystem at 4 and 20 meters respectively. At close range a 4 point fit
is much more accurate for positive relative in-path slopes. At 20 nm
the four point stochastic estimate is considerably moré accurate than
ﬁhe three point Cal¢u1atién for all relative in-path slopes.

- 8ince the calculation in the 3 point case ié_nearly as

complicated as the four point case and the resulting estimate of

gradient is much less accurate with a 3 point éyétem,the four point
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stochastic estimate is clearly recommended.
4. Standard Deviations in ht,atand bt |

_The sfﬁndard déviations in hi,aland bimay be deterﬁined from
Eq. (15). Since thege uncertaintiés arerinvolved in the‘estimate 6f
the grédient a élosér lool a? these parasmeters may explain sone of‘
the results previously discussed. It is also'possiblé that the path
selection algorithm may take height différences betwéen data ﬁoints
into éccount.[ 1 ]

| The standard'deviation in the coordinéte.h'is rloitted against
. distanceifrom the vehicle for %the stereo angles system in Figure 17.
The value of L is one metor and its standard deviation is 0.01m, The
terrain assumed iz flat with zerc height and no relative-slope. Since
the critical height for path selection may be about .45 meter the
standard deviation in the height measurement should be no more than
a_fe# céntimeters. From the fiéure it is obvious that the angle standard
deviation'shauld be about 1, Reducing the quantitng;;to-G“ give little
improvement in the éccuracy of the measurement of the coordinate h*,
FPigure 18 shows the effecte of the;separation standard deviation on
the height uncertainty(rg. In this case the terrain is agdin assumed
to be flat with zero height and no relative slope.

The standar& deviatibn in the coordinate a'is slightly less
than the standard deviation in W for ail cases with the stereoc angles
éystcm; The standard deviation.in bias”shown iﬁ Figure 19, ié very
lgrge for the sterco angles system. The inaccuracy in the measurement
of the coordinate b' increases rapidly as distance from the vehicle

increases. If accurate dlscrete point locations are nesded the stereo
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- might be restricted fo use only at clpse range; say within_lQ;IS mefeps.*
Heigﬁts of terrain other than zero have a noticeable but éélerable
pffegt.on the ﬁeaéufement of h as shown in figure 20. This'graph shows
the quantity §, ,ve.distance v for nt= “1, 0 and -1 meter when L =1.0m
G'Lz 0,01m andqrA= 1'. The system is more accurate for positive heights
than for'negative heighﬁs._The measuremepts of a'and blare not'sensitive
to the variation in height. | L o o

The stereo range system requires very good range.accuracy to
obtain goodlh'coordihate éccuracy as seen-ffom Figure 21, &tandard
- deviation in height h; vs. distance b*. The meparation uncertainty has
muéh lesé éffect than the range uncertainfy. To get accurate results
the fange standard deviation must be 9.001 meter-or iess. Figure 22
shows-thg Quantities(ia, and-GPb, vs. distance for the stereo range
‘system. The accutacy in the at coordinata is about the same as in the
h' coordinate because of the symmetry of the systen. Tﬁe setandard
déviat;on (fb;‘is small and should pose no problem for this system.,
Figure 23 illustrates the effects of heizhts of terrain mot equal o
zero oﬁ the accuracy of the steret}ran=e system, The measurement of a!
is not sensitive to heisht variation..The measﬁrements of‘the values
of h' and b'! are slightly affected by terrain height variation.

The sténdaﬁd deviations in the coordinates h', a' and b' are
'plotted versus distance f;om the vehicle for the non-stereo system in
‘Figures 24-26. This aystem differs from tﬁe stereoc systemé in that
when angle standard deviat;on is 1'_the standard deviation in }U’Gi,
decreases cbnaiderably as the distaﬁce from the vehicle increéses.

There is some threshold value for the quantity(]h between 1' and 0!
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s b Standard Deviation hi= —1.0m
in Height Coo:dinate ht
(I;‘ {centimeters)
5 -
h'= 0.,0n
4 Jmw
3 e
ht= +71.0m
2 [
.

0 10 20 30
*
Distance from Vehicle b (meters)
Figure 20 Stereo Angles System: Standard Deviation in Height Coordinate h?

Versus Distanca from Vehicle for Various Values of h!
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.28 = Standard- -
' k Deviation.
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20 =
16 F
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-G%z 0.001m
(e 00028 = o.0m
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s L . .
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0 , ' 10 20 .80

» :
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Figure 21 Stereo Range System: Standard Deviation in Height Coordinate h!

Versus Distance from Vehicle for Flat Terrain with h' = O
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23_ Standard Deviations

in. Coordinates a! and bt
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Qe
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Q‘?a 0.005n
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0 T — —

= 0,001m

fo‘

0 . 10 20 -

%
Distance from Vehicle b (meters) .

' Figure 22 Sterec Range System: Standard Peviations in at and b' Coordinates

Versus Distance from Vehicle for Flat Terrain with ht = O
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10 Standard Deviations

in:h! and b' Coordinates
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——— *
— i — — A v — -+ ht'= {.,0nm
e — . — s e e —a—— W= 4], O
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*
Distance from Vehicle b {meters)

Figure'zs Stereo Range System: Standard Deviationz in ht! and b' Coordinates

' Versus Distance from Vehicle for Various Values of h!
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above which this effect is reversed. At close range with énéle étandgrd
._deviation .equal.._f_;.o 1' the range -’uncertai‘ﬁty appea'rs' dominant. A Valﬁé
L ‘

of(rR=:0.05h or iaés will give acceptable results in the measurement
of h'. if the wvalue 01: 1"". For the non-s_tezfeo'system_the ﬁagnitu.dé

of the standard deviation in the coordinate a! is always less than the
standafd deviatioﬁ in h'. | | | .

The standard deviation in the measurement of the b! coordinate
Ve, distance from the vehicie is illustrated iﬁ Figure 25, The angulaf'
standard deviation is 1! for the solid lines and 10 for the dotted
lines, The'range standard deviatimnﬂ}afarieifrom 0.0jﬁ to 0.10m. The
‘torrain is assumed to be flat with zero height. Tho uncertainty in bt
is approximately cqual to the r;ﬁge‘étanaard deviation, Again-the
measurements of a' and b!' are not significantly'influénced by.changes
in fhe height k!, The effcct_of'heighté from +l1meter to - 1 meter on
the quantity(rh, are shoﬁn{in Figure 26. Anglc'standdrﬁ deviation is
set at 1" aﬁd_range standardfdeﬁiation at O.IOm; As With_ﬁhe pther
sjstems the éffécts of non-zcro heights'is acceptable{
| The fact that the accuracy in the coorﬁinaﬁe measurements

improves with increasing distance from the vehicle for the non-stéreo
systen explains why gradient estimates also improve with distance

for this'system as shown in the :Liter;m;u:r"e.[-2.1
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5 -Sta;dard Deviation
in Height Coordinate ht
qh‘ (cm)
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Figuré 24 lNon=Stereo System: Standard Deviation in Height Coordinate h!

Versus Distance from Vehicle for Flat Terrain with h' = 0
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Standard Deviation - _
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Figure 25 Nonestereo System: Standard Deviation in bt Coordinéte

Versus Distance from Vehicle for Flat Terrain with h' = 0
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PART 5

CONCLUSINIS

A proqedure for es£imating.a stafe'vector X froﬁ ﬁhé relétion
h =4 x when h and A are stochastic measurements has been applied to
estimate the gradient of the terrain in the paéh of the Mgrtian vehicle.
Four meésﬁrement points which do not lie on the samé plane due to
terrain irrégularitieé and measureuent errors are employed to form
a least square estimate of the gradient. This least square estimate
has boen fouﬁd to be more accurate than an estimate from only three
- points which lie;on the plane;

The standard deviation in the Tour point eétimate of the
gfadient depénds on the distance of the four foints from the vehicle,
the positions of the terrain points in relation to each other, the
‘gradient.of the terrain and the measurement errors. Vehicle motion
effect on-thefstandard deviation in sradieﬁt has been reduced to an
additive factor as a result of use of:a'rapid-écan laser.

The effects of the above factﬁrs on the quﬁntity(rég are
shovm in Figures 5=8 for a’stereo angles measurenent system ﬁhich.usés
3 angular measurements and in Figures 9=12 for a stereo fange systenm
which gseé 3 range neasurements. A desired maximum allowable standard
deviation in gradient(T;n has been set at 29. These resulis are
summarized and compared with the non-sterec system which uses one range

and two angular measurements,[j’zgn the following Table.

30
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TABLE _
COMPARISON OF STEREQ AND NON=BTEREQ

MEASUREMENTS USING FOUR POINT PLANE FITTING

SYSTEM  MAX, RANGE MAX., ANGLE ~ MAX, DISPANCE
STD. DEV. STD. DEV, L & J

Q _ < ' STD, DEV,

Q.- G,

At 4 meters from the vehicle:

Stereo Range 0.001 meter : g-;—- . 0,005 meter
Sfereo Angles - ———— N i minute o h 0.001 neter
Hon-stereo 0.01 neter . 1 minute o e e e

At 20 meters from the vehicle:

Sterec Range 0.0005 meter —————— . 0.005 meteyp
Stereo Angles o -4--5 ' : _ 6 arc=gec., ' ' 0.001 meter

on stereo  0.02~0,03 meter IIminute ———————
From the Table and the limits of present technology, the
non-stereo system appears much more practical than the stereo range
systen, Laser rangefinder technology has not yet reduced range standard
‘ . {31 "
dev1at1m1“}zbelow C.01 meter, In fact, a more reasonable expectation
' ' ] -0
for range standard deviation may be from 0,02 to 0.0bm.t 2.--‘The resuits
for stereo range liave been presented in anticipation of improvements '

in rangefinder accuracy.
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#t'lénger rangé'the néﬁ-stefeo system'is betfer than thé
_stereg angles system. At close range, stereo anvles may be ccmparable
to non~stereo if the standard devlatlon in the transmltterurecelver
separatlon(f can ke reduced to 0.00im. This conclusion is also based
on the assumption that angle standard dev1ation will be about cne minute
of arc.[ ]

Future researchrshould consider the problem of coordinatlng
the gradient estlmates of all the small terrain areas in front of. the_
-¥ehicle. The problgm'of discrete obstacle detection or height‘dis-
continﬁitigs shﬁuld also be analyzed; A comﬁlete path seléction rule
sﬁould then-be dovelopéd and tested; Other p;ssibilities includé
: roarrangemenh of transmitter and recelvers to 1mprove accuracy and

31mp11fy operatlon of the obstacle detection system.
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APPENDIX A

Derivation of the Perturbation Eguations
To prove the results in Egs. (12) and (13) the h, a, b

coordinates are flrst perturbed as

¥n ' ] : h"k | | Sh'
{a =Sc¢>s<§) at| s frg [ar] +cehr |$ar

b _ b bt | $oe (A-1)
o :-_sini $¢) - (—_cosﬂ‘f) 0 .-siné -co_ssﬂ . 0
‘$C=8ci. ={( cosgff)  (-sinf§f) 0 |= | cosg -sin¢ ¢ SP’: Y
‘ O

’ 0 o - 0 0 o| - (4=2)
and ; , : " .
‘ (ﬁ-sin} 8';) 0 (cos?$7) (-sini Y © {cos 3
313:&‘513;_ o 0 o. =] o 0 0 Sf:B’Sf
(~cos§§%) 0 (-sin§§)| [(-cos¥) o0 (-sin} (A=3)
For stereo -angles, ' _ -
g R b
far| = o (0,0, 1) [§€
Ju ' se;
., LS_L_ . (A=4)

where Ga is shovmn in Eq, {12b) in the text. The matrix Ga is obtainéd
by taking the differentials of Eqs. (la-c) with respect to 4,?',9 and L.
. - 1 N
For stereo range, . SM
S hr $
Sal| = G_(M,7,K,L,J) SK

bt S F Y

LS J (A~5)

where Gr is given in Eq. (13b) in the 'tex_t._ The matrix Gr is obtained

from the differentials of Eqs. (4a=c) with respect to M,W,K,L,and J.
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Equations (A4~2), (A-3) and {A-4) are substituted into (2=1) to obtain:

Fsh . ht | N i i : rs&
_ | DV . 1 : . 5@
: §a| = {c @)B(;)l atf 1 Ccp)B(§) |a® +C(P)B(§)E, (4,0,0,L) ‘o
RLY N N L 8] e S5
Similarly, substitution of (A+2), (A-3) and (A-5) into (A-1) produces '
- s : - . b1
Snl 1 h o b S¢ | Sx
1{al = ¢ #rB(E) |at ; C@IB (P ja f&; +C(@)B'(?)GT(M?I-I:,K,L,q) ;i
[§0 b b! (A=7) §7
Comparing the above with (12a) or (13a) ~
R W) X
n(hu,a',bt,yﬁ,‘g) ={C1(¢)B(5) al c(¢)}3"(f) al _
: | bt | 1| ] (a-8)
The first term on the right is determined from {A-2) and (2c)
ht --sin¢ —cosﬁ' o 1f lcosg o sinfﬂ ht
C1B_ alf = cos¢ —-sinﬁ 0 0 1 ' af
Lt L 0] o .—Bing 0 cos"; b
_-—si'n(ﬁ ~cosfd " 0 'h'cosg +b’sin‘;
wom T cos P —sinp 0 o at
' . 0 o 0 -h‘s:i.n‘; +b'_cosg
[ ~nt sin¢ cos"f -b'sin¢ s:‘m‘f —a'cos;zs 1
hlcos@ cosl; +b'cos? sin? -a'f;inﬁ

- The pecond torm of (A=8) is determined from (A~3) and (2b)

ht
1

h

CR .y a'

bt

i cos¢ -sin{ﬁ ] P-sin"j{ 0 cos’i-
=| sing cosf © 0 0 0
. 0 o 1 _-cosgl 0 —sin?.

‘cqs!}f' -sinﬁﬁ 0‘ 1 —h'sin? +b'cc~.~37d
= sin¢ cosfﬁ oy 1 0
0 0 1 -h'cosf -b‘s:l.n'g‘

- v,

e

ht
a'
bt
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-h's:i.'n?f sinf +b_'sin/ cos? _ .
-h'cos}' -b_'einf - . o {A=10)

[..h'cosqj sinf +bfcosf cosr

Substitution of (A~9) and (A=10) into (A~8) gives

: [(-h'sln{ﬁ cosf ~atcosy -b's:mﬁsinf)
D(h',a' b',¢ ) =C hlcosg cosf -a'ein @ +h'cosp' sin§ )
: . 0O
{~h'cos@ sihf +btcosf coé’)
(-h'sing sin§ +b'sind cos §) _ o
(-h'cosf '-b'sin}'_) ' _ (Awt1)

APPERDIX B

Derivation of the Covariance Matrix of the Variables

Bquation (12) is multiplied by its transpose to prove the

result shown in Eq. (16)

8%

S ga Sb S So( T
I A £ R
Sb ) ) ‘ ‘1 BL g kh ]
:D[gqtisbse] 5 o c [H4] [oate 053] ;o
iy 0o
L
N TN
. ;g ”JD wm [M’ ML]G 7,7

L

Expected values of (B-~1) are taken ’co obtain

Sn |
Y = 24|(a [Sh Sa Sb'] . Sﬂ‘ [S¢ of b ¢ 0B5_I9 $¢ *S?SQQIJL:TBTGT.}
§o ¥ © g

(B=1)
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- +CBG_E sa
- a

18c

5 [.é S‘f] |
G "B C (B-2)
o a - :
Aésuﬁiﬁg that SO(, 5(3,86, SL, s¢and S‘,'f are uncorrelatéd, the last two
tefmé of (B-2) reduce to zero.lEq.‘(B—zi then becomes Eq. (16).

Similarly, Eq. (13) may be multiplied by its transpose to yleld Eq. (17).

 APPENDIX C

.Derivation of the Slope Covariances -

to prove Egs. (21) and (22) (18b-d).are substituted into Eq. ﬁ18a)
to obtain - | . .
_§+Sh X+ S0 +§x) Ix +§nx+A§x+SA§x (C~1)
The second &rder tern SASX nay be neplected Since E = ZE | |
Eq. (C=1) may be reduced to | |
ESX = Sh - QAE
This relation is fre-multiplied by ET.to obtain
Tk = 2F $h 53

Therefore the estinmate of gx becones

{.A

§% - @D Gn $ = rOh - §4%) ©(C=2)
This is equivalent to Egs. {20) and .(21) '
The product of Eq. (C=2) and its transpose provides
§ et F(Sh- $ax )(Sh-SAx) = F[Shfh -S.fh&h ~Sh (3 %) T+ §AT (§AT) ]

Taking the expected value of Eq. (Cw3) results in Iq.(22)

(C~3)

in the text.



| Bq. (23) may be substituted, etrm by term, into BEg.(22)

5
X S“T y =5 [§3,]
| st|

] [n ...shn]

MA My HS

E(GR D) = p

o
.

! [ £t SQ; SQJ

oy

y D )

r oo .
2(n)? E(Sn Shz) E(Sh, $h )
= E(ShZShI) E(Sh )? 'E(Ihzshn)

.

«

;E(Jhn8h1) E(ShnSth...E(ShnShn).

(C-s)q

The different measurement points are uncorrelated, Therefore,

- the off diagonal terms are egual to zero. Eg. (C=5) reduces to
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: E(srh)z 0
¥ T —— * . .
E(gh Sh ) - o. (Gﬂﬁ)
0 E(§ b))
Similarly;
- ‘,T,-/ Sa]xl f blxz [Sh1...5hﬂ]
E(§ax dn") = 2d| S
| Sanx1 + anxz
E(galgh1)x] + E(§p, b )x, | 0
0 . E(jan;hn)xl + E(Sbnghn)xz (67

-, gh] [Sa
E[Slﬂ%&x)fl =Bq|
' Sn_

E(Sh1$g15;]

fl

. — — —— y
( % +Jb1:-:2)...(§anx1 + Sbnx2>

+ E(Sh1;bl{x2 o

(C=8)

- g e

0 | _' E(Shngan)?é1 + E<ghn§bn)§2
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B [SA':Z( SA':E)T]_; 4

+
®1

$a.7, +5.3, [da,;r+;b1;2>...<sgn—;1~+5h1;1;2>]

k n1 Sbn 2
1%, 2 +'2E($a13b1)§i'§2 + E($b1)'2;22]

‘f\
v
® 1
4 o0
# 1

e

0

Y

L 2= 2 —— 2 2
[ﬁ(gan)_- X+ 2B(Ga, 0, )%, x, + B(ED,) X2]
The expected values in Igs. {C~5) through (C-8) are calculated
from Eg, (16) or Eg. (17) in the text.



